Matter under extreme conditions can be generated by a collision of a hypersonic cluster with a surface. The ultra-high-pressure interlude lasts only briefly from the impact until the cluster shatters. We discuss the theoretical characterization of the pressure using the virial theorem and develop a constrained molecular-dynamics procedure to compute it. The simulations show that for rare-gas clusters the pressures reach the megabar range. The contribution to the pressure from momentum transfer is comparable in magnitude and is of the same sign as that ͑"the internal pressure"͒ due to repulsive interatomic forces. The scaling of the pressure with the reduced mechanical variables is derived and validated with reference to the simulations.
I. INTRODUCTION
The interpretation of the external pressure in terms of the random motion of point-mass molecules within the container ͑by the Bernoulli brothers in 1738͒ was one of the earliest successes of natural science. The virial theorem of Clausius is an extension of the argument of the Bernoulli brothers to the more realistic case of a gas where the molecules interact with one another.
1,2 In mechanical terms 1,3 the pressure at a ͑real or imaginary͒ surface is the rate of change of momentum at the surface and this can be caused both by a flux of molecules carrying momentum, the term identified by the Bernoulli brothers, or due to a change in the momentum of a molecule at the surface caused by the force exerted by the other molecules. This second contribution, known as the internal pressure and numerically equal to the virial of the force ͓see Eq. ͑1͒ below͔, is sometimes referred to as a configurational term. When the forces can be derived from an intermolecular potential the internal pressure is fully specified by the configuration of the system. The first term is the pressure of an ideal gas that is kinetic in origin and up to a constant equals the random kinetic energy ͑ϭ the kinetic energy referred to the center of mass as the origin͒. The system we intend to discuss has cylindrical symmetry, and so we need to distinguish between the components of the pressure in different directions. We use the Greek letter ␣ to distinguish different directions. The resolution of the pressure into its contributions along the three directions is given by the virial theorem as Here P ␣ is the pressure as determined by the rate of change of the momentum in the direction ␣. The summation range i =1,… , N is over the N atoms in the system. The ith atom is at the position r i , the force acting on it is f i , and the velocity with respect to the center of mass is v i − v c.m. . The components of vectors in a given direction are indicated by the subscript ␣ so that, for example, r i␣ is the coordinate of atom i along the axis ␣. The kinetic energy and the virial in the direction ␣ are K ␣ and W ␣ . V is the volume. The derivation of the virial theorem 1,2,4 requires that the system remains bounded and the density of the kinetic energy and of the virial in Eq. ͑1͒ are to be understood as long-time averages. The physical reason why the instantaneous pressure is fluctuating is clear already from the derivation by the Bernoulli brothers. Collisions with the wall occur randomly and so the rate of change of momentum due to atoms rebounding from the wall is not constant. The pressure is the steady average of the force on the surface. In this paper we show how to compute an instantaneous pressure, and our numerical experience is that the anticipated fluctuations are actually damped due to two considerations. Firstly the repulsive forces between the atoms and the surface or the force between atoms have a small but finite range. The collisions therefore have a finite duration. As a function of time, the force on an atom, whether from the surface or from its neighbors, is a sequence of spikes but the spikes have a finite, albeit narrow, width in time. Secondly, because of the high density in the clusters that we intend to discuss, the total force has peaks that overlap in time. Numerically we find that for even quite small clusters, say, of N = 125 atoms, the random fluctuations of the instantaneous pressure are almost completely smoothed out due to the summation over all N atoms. The pressure that we compute does exhibit a clear modulation in time, but we will argue that the source of these pressure peaks and troughs is a collective action by the atoms and is a systematic effect and not the result of random fluctuations.
We will show that all the quantities in Eq. ͑1͒ can be computed at a given point in time rather than to be long-time averages. To show this it is necessary to prove that Eq. ͑1͒ correctly defines an instantaneous pressure. We need to provide such a proof for a second and even more fundamental reason: Our system is not bounded. It is our intention to discuss ultrahot and superdense rare-gas clusters so that after a few intracluster atom-atom collisions the cluster will shatter and the atoms will spread out almost uniformly into a solid angle of about 2 radians. Our purpose is to define and to compute the pressure applied by such an exploding cluster.
The hot and dense cluster is generated by impact at a surface. 5 In this paper the impact is simulated by solving classical equations of motion. [6] [7] [8] [9] At the same time clusterimpact experiments have been carried out by several groups. [10] [11] [12] In the hypersonic cluster-impact technique a ͑singly͒ positively or negatively charged cluster that is accelerated to a high velocity by an electric field is incident on a hard surface. The velocity of impact is controlled by a second electric field that is retarding the approach to the surface. 13 For lower impact velocities the clusters can be generated by supersonic expansion. 11, 14, 15 In the present computational study the cluster is of rare-gas atoms. Earlier experimental and computational work has also used molecular clusters or reactants that are solvated in a chemically inert medium ͓e.g., diatomic molecules embedded inside rare-gas clusters or, say, in CO 2 ͑Ref. 15͔͒. As the leading edge atoms of the cluster reach and then recede from the surface, the rest of the cluster is still moving forward. Therefore, immediately after the beginning of the impact two things happen. The relative kinetic energy of the front atoms and the other atoms of the cluster is suddenly very high. At the same time there is also a significant compression of the cluster in the direction normal to the surface. A short time after, the cluster also begins to expand in the directions parallel to the surface. After very few atom-atom collisions the initially directed kinetic energy is thermalized, 16 first in the direction normal to the surface. The clocking in time of the evolution of the cluster is made possible because the shock wave generated within the cluster modulates in time cluster properties such as the internal energy of molecules embedded in the cluster, 7 local density, 8, 17 or the potential energy of the interatomic forces. 9 In the present work we will also bring evidence of a shock layer between the cluster and the surface at which the impact occurs, giving rise to oscillations in the pressure applied by the surface. Microshocks in other materials have also been discussed recently. 18 Even for systems in equilibrium computing the pressure by molecular dynamics requires the application of a constraint. 4, 19, 20 This is because a Hamiltonian time evolution of a many-atom system does not necessarily restrict the motion to a finite-bounded region in space. So it is necessary to specify that the system is confined within a given volume. For our problem, before the impact the cluster is cold and so, within small thermal fluctuations, the cluster is spread out to the same extent in all three space directions. It requires a very rare fluctuation to localize enough energy so as to allow an atom to escape. During an impact, with the velocity directed along the normal to the surface, the cluster is initially compressed in the direction of impact but immediately begins to expand in the directions parallel to the surface, Fig. 1 . The extent of the cluster is conveniently defined by the components of the hyperradius where, for a cluster of identical atoms,
and the center of mass, c.m., is taken as the origin for the definition of the size. The components of the hyperradius vary with time, but to within finite-size dispersion, the two components parallel to the surface, say, along the y and z axes, are equal in magnitude.
Taking our cue from systems at equilibrium we should allow the cluster to evolve unconstrained under the Hamiltonian equations of motion and then, at some particular time , we impose the constraint that from that time point on the hyeprradius has a value that does not exceed the value it had at the time . This configurational constraint can be imposed at different times for different directions and so it has the form FIG. 1. The hyperradius, in reduced units, ␣ ͑t͒ / , ␣ = x , y , z, vs time in fs for an initially cold cluster of 125 Ar atoms impacting a hard surface with a velocity of 5 km s −1 directed along the normal, x, to the surface. Note the considerable compression along x and the immediate expansion in the direction parallel to the surface.
Here t is the time variable of the dynamics and ␣ is the point in time at which the constraint is applied along the axis ␣.
We allow the option of constraining the different principal radii at different times and to different values. It is shown in Sec. II that in order to use the virial theorem to compute the instantaneous value of the pressure it is sufficient that
Eq. ͑4͒ is inherently satisfied. On the other hand, the constraint ͑3͒ is more than is strictly needed to insure ͑4͒. Along a particular trajectory the constraint for a specific direction is imposed beginning at a given time ␣ and thereafter. So the constraint is time independent. Technically speaking, it is holonomic. The conceptual procedure for imposing holonomic constraints on a mechanical motion by the method of Lagrange multipliers is well understood. 21, 22 The corresponding molecular-dynamics implementation is effectively studied 20, 23 because, in particular, geometrical constraints on molecular structure, such as rigid bonds, are holonomic. The constraint that limits the volume is an inequality, see Eq. ͑3͒, but a short reflection suggests that this is not different from an equality constraint because if we currently satisfy a strict inequality then it is always possible to make an unconstrained move forward in time and at the end point of the move still satisfy a strict inequality. So an inequality does not constrain the motion. Only an equality limits the motion in the next time step. In the language of Lagrange multipliers, the multiplier of the constraint vanishes, unless the constraint is an equality. The problem we ran into is that the constraint F ␣ ͑t͒ = F ␣ ͑ ␣ ͒, t ജ ␣ , implies that from the time ␣ on ␣ ͑t͒ is determined not by the equations of the unconstrained motion but is held constant. At the point ␣ when the constrained is applied, ␣ ͑t͒ is a continuous function of time but the nature of the constraint is such that its first time derivative is discontinuous. A discontinuity in the derivative means that an impulse has been delivered. We are unable to smoothly integrate the differential equations of motion through such a discontinuity.
We therefore do not use the constraint ͑3͒. To proceed we observe that, for our purpose, it is sufficient if we impose the constraint that at the time ␣ it is the derivative of F ␣ ͑t͒ that settles down to a constant value,
This is a time-dependent, nonholonomic constraint. In Sec. II we show that this is sufficient for our needs because it guarantees the condition ͑4͒ that we need for the application of the virial theorem. How to modify Newton's equations when nonholonomic constraints are imposed is still a subject of some discussion. 24, 25 Possibly the use of the procedure due to Gauss 24, 26, 27 is the route to follow for molecular dynamics. Fortunately there is one special case of velocity-dependent constraints about which there appears to be a general consensus on how to introduce the force due to the constraint. 24, 26, 28 This is when the constraint is linear in the velocities as is the case for Eq. ͑5͒,
is the constraint that we apply in this paper. Before we conclude this survey of the background information, we must draw attention to an assumption that is seemingly natural but that can break down at sufficiently high velocities of impact. We have taken it that a velocityindependent force between the atoms can be defined. But this requires the validity of the Born-Oppenheimer separation of electronic and nuclear motions. When the separation applies the electronic energy is the potential-energy function for the motion of the atoms. At sufficiently high compression the separation will breakdown and excited electronic states can be accessed. 29 Operationally, electron emission following the cluster impact is observed to have a quite high onset at incident velocities of the order of 10 km s −1 . 12 Quantal computations 30 and information theory 31 independently provide similar indications and suggest that the steep onset is due to an exponential gap restriction on the large change in the momentum of the nuclei required for the high energy threshold for ionization. We will therefore restrict the present computations to the velocity range up to 10 km s −1 . The random kinetic energy after the impact, cf. Eq. ͑1͒, and hence the pressure, scale with the initial kinetic energy or the square of the impact velocity. Nature in her wisdom limits, however how far we can use this scaling to drive the pressure up because for impacts at above 10 km s −1 the cluster material becomes a plasma. At that point it may still be possible to use the virial theorem, but it will be necessary to treat the electrons and the nuclei as separate particles.
II. THE VIRIAL THEOREM UNDER NONEQUILIBRIUM CONDITIONS
We start as in the standard derivation of the virial theorem of Clausius.
1,2,4 With respect to the center of mass and when all the particles have the same mass m we define
A fixed value of G ␣ , as in Eq. ͑6͒, is the constraint used later to derive an instantaneous version of the virial theorem. Taking the time derivative
͑8͒
The mass of the cluster is M = mN. It is noted that the identity ͚ i=1 N ͑r i␣ − r c.m. ͒mr c.m. = 0 shows that F i␣ as defined by Eq. ͑8͒ can be identified as the force on particle i as determined from the Newton equation of motion of the particle in the direction ␣,
The force on particle i is the sum of the force due to the other particles in the cluster, the force due to the surface at which the cluster impacts, and any force due to the constraint. The force due to the constraint is the "external" force that gives rise to the pressure. To express the contribution of the constraint force as an integral of this force acting along the normal to the surface we replace the summation over all particles by integration over the surface and then use Green's theorem 1,32 to convert the surface to an integral over the volume. Thereby it is possible to write
f i␣ constraint is the force of the constraint on particle i in the direction ␣. The minus sign in Eq. ͑10͒ is because the pressure is defined as the force exerted by the particles on a unit area of the surface, while the force of the constraint is the force exerted on the particles. Separating the contributions of the constraint and forces of the other particles and the surface at which the impact occurs
At every instant of time we thus have
where, cf. Eq. ͑10͒, the pressure is determined by the virial of the force of the constraint. If the acceleration vanishes then, of course, Eq. ͑12͒ determines the pressure. Otherwise, in the standard derivation of the virial theorem, the time derivative of the variable G ␣ , Eq. ͑12͒, is averaged over a long time interval T
The average is taken to vanish because for a bounded motion G ␣ , Eq. ͑7͒, is a finite sum of bounded terms, whereas T can be taken as large as necessary to make the average as small as needed. The standard virial theorem is obtained by averaging both sides of Eq. ͑12͒, using ͑13͒, and regarding the time-averaged pressure as "the pressure,"
Following the acquisition of internal energy by the impact at the surface, the motion of the cluster is unbounded. To define the pressure exerted by the particles of the cluster we impose a constraint that G ␣ , defined by Eq. ͑7͒, is constant. Then
It follows that for times t ജ ␣ , ␣ = x , y , z, the virial theorem, Eq. ͑12͒, enables us to define an instantaneous pressure,
͑16͒
a pressure that is determined by the force exerted by the cluster against the force of the constraint G ␣ = const. At every instant this pressure is the sum of the instantaneous random kinetic energy and of the virial due to the internal forces and, for the x direction, the force from the surface
where the time dependence of the coordinates and their velocities is governed by Newton's equation of motion including the force of the constraint ͑15͒.
In this paper we want to compute the instantaneous pressure; meaning the pressure exerted by the cluster at different times during its expansion. Equation ͑17͒ allows us to compute the pressure P ␣ ͑t͒, ␣ = x , y , z, for times t ജ ␣ if the constraint ͑15͒ is imposed at the time ␣ . Such a computation shows how the initially disequilibrated hot cluster evolves, by momentum transfer collisions, towards a pressure uniform in time and in directions in space. This evolution to equilibrium is interesting in its own right and will be discussed elsewhere. In this paper we compute the pressure for a series of times defined as times just a shade beyond ␣ , denoted as t = ␣ + 0, for a sequence of increasing values of ␣ . This pressure is here denoted as P ␣ ͑ ␣ ͒. P ␣ ͑ ␣ ͒ is the pressure exerted by the cluster that evolved unconstrained up to the time t = ␣ − 0, and the constraint is applied at t = ␣ . By t = ␣ + 0 we mean that we propagate for a short time beyond t = ␣ so as to allow numerical transients in the pressure to settle down so that the pressure has a steady value. As discussed below, the origin of the extremely fast transients is due to the finite value of the Lagrange multiplier that is used to introduce the constraint. This multiplier necessarily has the value zero up to the time t = ␣ − 0 and has a finite value beyond t = ␣ . It takes a short time interval to smooth over this jump in the value of the Lagrange multiplier.
For the instantaneous pressure that is our subject in this paper we expect that for early times P ␣ ͑ ␣ ͒ has a low value because the cluster is cold. At impact both the random kinetic energy and the atom-atom repulsion rise very rapidly and one expects that so does the pressure. Once the cluster starts expanding, the volume increases while the random kinetic energy stays about constant and the atom-atom repulsion rapidly decreases. During the expansion stage the pressure, therefore, rapidly decreases.
III. IMPOSING THE CONSTRAINT
We use the standard Gear algorithm 4 to integrate the Newton equations of motion for the ͑Cartesian͒ position coordinates of the atoms. We therefore need the form of the Newton equation suitably modified due to the imposition of the constraint,
This is nonholonomic constraint that is, however, linear in the velocities. The derivative
shows that the constraint is not only linear but also homogeneous in the first order in the velocities. The constraint can be integrated to yield ␣ 2 ͑t͒ as a function of time, but the integral is time dependent so that the constraint is nonholonomic. Still, because the constraint is linear in the velocities the Lagrange equation of motion is agreed upon 24, 26, 28 to have the form
where L = T − V is the Lagrangian, with T and V being the kinetic and potential energies. The three Lagrange multipliers ␣ ͑t͒, ␣ = x , y , z, have, at this point, an undetermined value. We chose their sign so that the pressure will turn out to have the same sign as that of the ␣ ' s. The dimension of the Lagrange multiplier is seen to be time −2 . The three Lagrange multipliers are to be determined by augmenting the set of 3N Newton's equations of motion, Eq. ͑21͒, by the three additional equations that the constraint is satisfied, Eq. ͑18͒ above. In the Cartesian systems of coordinates that specify the positions of the particles of the cluster, the kinetic energy T is a function only of the velocities while the potential is a function only of the positions. Therefore the equation for the acceleration is
͑21͒
In the notation of Eq. ͑9͒, the right-hand side of Eq. ͑21͒ is the total force F j␣ acting on particle j in the direction ␣. Equation ͑21͒ identifies the force due to the constraint, where, using Eq. ͑19͒,
Using Eq. ͑10͒ to equate the pressure ͑times the volume͒ to the virial of the force exerted by the constraint, and Eq. ͑22͒, we have the alternative equation for computing the pressure,
We have verified that in the simulations Eq. ͑16͒ and ͑23͒ yield essentially identical numerical results for the instantaneous pressure. As noted in connection with Eq. ͑17͒, the computation of the pressure using the virial of the internal forces and the random kinetic energy also requires computing the force of the constraint so the numerical effort using either expression is similar. The very same force of the constraint arises from a constraint that imposes a constant value not on the derivative of the hyperradius ͑squared͒ but on the hyperradius itself as in Eq. ͑3͒. This is because such a constraint is holonomic, and then Eq. ͑21͒ needs to read
The difference is, however, in the equation for the conservation of energy. The energy is defined in terms of the Lagrangian by
In the Cartesian coordinates that we use ͚ i=1 N ͚ ␣ ṙ i␣ ͑‫ץ‬L / ‫ץ‬ṙ i␣ ͒ =2T so that also in the presence of the constraint we can write E = T + V. But from the equations of motion, Eq. ͑21͒, and since the constraint G ␣ is a homogenous function of the velocities,
On the other hand, for a holonomic constraint F ␣ = const, Eq. ͑3͒, we have to use the equations of motion ͑24͒. Since F ␣ is a function only of the position coordinates,
IV. SOLVING THE EQUATIONS OF MOTION
Each cluster atom interacts with the other cluster atoms by a two-body potential. Each cluster atom also interacts with the surface with a potential V͑x͒ specified by the vertical distance x from the surface. Corrugation of the surface is not simulated by such a potential. To mimic the effect of energy dissipation to the surface we add a velocitydependent friction to the equation of motion of the atoms. The friction is taken to be proportional to the repulsive mechanical force to the surface, and so rapidly falls off. For impact directed along the normal to the surface the Newton equation of motion of each atom in the direction normal to the surface, ␣ = x, is, for times t before the constraint force is applied,
dt 2 = ͕force due to other atoms of the cluster͖
⌫ is the friction coefficient. It has the dimensions of 1 / velocity. The value of ⌫ is adjusted to represent about 40% energy loss. To mimic the quenching of the friction when the atom is further away we use just the repulsive part of the atom-surface potential because otherwise the sign of the friction will change as x changes through the minimum of the potential V͑x͒. Below we add to Eq. ͑28͒ the force due to the constraint. Then in Se. VI we discuss bringing such equation to dimensionless form by using reduced variables.
Placing the center of mass of the cluster far from the surface specifies the initial conditions. The equilibrated cold cluster is used to specify the instantaneous position and velocity of each atom with respect to the center of mass. At t = 0 each atom is given an additional velocity in the direction x. This is the velocity of impact.
Using the Gear algorithm 4 the classical equations of motion are solved throughout the impact and the subsequent expansion. At the high velocities of interest the atoms sample primarily the repulsive part of their interaction and so they rebound like hard spheres. The repulsion dominates the dynamics and means that the internal pressure of the cluster, the contribution to the pressure due to the interatomic forces, is essentially purely repulsive and large. During the compression interlude the internal pressure is about comparable to the pressure due to the momentum of the atoms. The net pressure being the sum of the two contributions, cf. Eq. ͑16͒, is larger than what it would be if its origin was entirely the high temperature. The strong repulsion facilitates rapid equilibration within the cluster. It also makes the dynamics rather chaotic and requires that numerical accuracy is checked, which we do by back integrating the equations of motion for the special case of no friction.
At a time ␣ , ␣ = x , y , z, the program reads the velocities in the direction ␣ and from that moment on imposes the constraint, Eq. ͑18͒. In detail, this is achieved by adding the constraint force, Eq. ͑22͒, to the Gear predictor-corrector method as follows. In the first step the position and velocity at the new, t + ␦t, time are predicted on the basis of their ͑corrected͒ values at the time t, the end of the previous integration step. Then, as usual in the Gear algorithm, the predicted values are corrected by recomputing the acceleration due to the force to the surface and to the other atoms. In the absence of a constraint this corrected value is the input to the next integration step. Here, however, we recorrect the corrected value, denoted by a prime, to include the change in the acceleration due to the constraint force. The recorrected value is defined by
͑29͒
The same procedure is applied to the velocity,
Finally, the value of the Lagrange multiplier is determined by requiring that the constraint has the given value. Explicitly we require, cf. Eq. ͑18͒, that for the time t ജ ␣ , ␣ = x , y , z, the hyperradius squared increases linearly with t with a known slope
͑31͒
For any time t ജ ␣ the left-hand side of Eq. ͑31͒, namely, ␣ 2 ͑t͒, is therefore known independently of the integration of the equations of motion. Therefore to impose the constraint at the time t + ␦t we augment the propagation equations with the following equation for determining the value of the three ͑␣ = x , y , z͒ Lagrange multipliers by the known value, cf. Eq. ͑31͒, of ␣ 2 ͑t + ␦t͒ on the one hand and the values of the coordinates from the predictor stage of the integrator, Eq. ͑29͒, on the other; 
where the primed hyperradius is computed from the primed coordinates, cf. Eq. ͑29͒.
V. SIMULATIONS AND RESULTS
Simulations were performed for clusters of 125 and 256 Ar or Xe atoms at hypersonic collision velocities for impact against a rigid surface and for Ϸ40% energy loss to the surface. Initially clusters of rare-gas atoms are brought to equilibrium by standard molecular-dynamics methods. 4 Cluster atoms interact by a Lennard-Jones 12,6 potential ͑for Ar: depth = 0.996 kJ mol −1 , range = 3.41 Å; for Xe: depth = 1.904 kJ mol −1 , range = 4.06 Å with the other cluster atoms. The cold ͑30 K͒ clusters are directed towards the surface by adding the same hypersonic velocity to each atom. The cluster atoms interact with the surface by a Lennard-Jones 12,6 potential with the same depth as the atom-atom potential, cf. Eq. ͑28͒.
The compression of the cluster for an unconstrained motion is shown in Fig. 1 and a typical temperature rise is shown in Fig. 2 for an impact at 5 km s −1 . The eventual decrease of the temperature in the direction normal to the surface is due to the force from the surface that pushes the center of mass of the cluster away. This cooling is only seemingly contrary to the second law because the cluster fans out into the entire half-sphere away from the surface and there is a corresponding large increase in the angular entropy. 33 Additional characterization of the compression stage can be found in Ref. 9 .
Next, at a time ␣ , ␣ = x , y , z, we impose the constraint, Eq. ͑18͒. Figure 3 shows the computed value of the Lagrange multiplier. The dimensions are dictated by Eq. ͑22͒, namely, time −2 . The Lagrange multiplier ␣ ͑͒ is shown versus the value of the time at which the constraint is imposed. Strictly speaking each computed point along the curves is a separate trajectory: an unconstrained time evolution until the time and then the constraint is imposed. In practice, after a short time interval beyond the value of ␣ ͑͒ has settled down. So we record the value of ␣ ͑͒, backtrack the trajectory, move forward for a short time in an unconstrained manner, apply the constraint, etc. In this way one trajectory determines the entire curve and thereby allows us to compute the pressure exerted by the cluster throughout its temporal evolution, using Eq. ͑16͒. The downside is that the need to accurately move forward and backward in time requires that we use a smaller time step, about 0.001 fs. Figure 3 shows the computed value of ␣ ͑͒. Before the impact at the surface the role of the constraint is negligible because the cluster is cold, and so practically the Lagrange multiplier has the value zero. For the direction of motion parallel to the surface, immediately after the impact the cluster expands ͑see Fig. 1͒ , and so the force of the constraint acts to compress the cluster. As shown by Eq. ͑23͒ the sign of the pressure is the sign of the Lagrange multiplier, and so parallel to the surface the multiplier is positive. In the direction normal to the surface, upon impact the cluster begins to compress, Fig. 1 . At these early times the force of the constraint acts together with the surface to compress the cluster, and so the sign of the Lagrange multiplier is negative. It is only later, when the repulsion begins to dominate ͑Fig. 1͒, that the multiplier changes sign.
There is structure in the temporal behavior of the Lagrange multipliers, and much more so for the direction normal to the surface. For the given initial conditions the structure is reproducible and, in particular, that there is both a short and a long period is rather robust. It is also rather clear that the period of the long oscillations is shorter at higher velocities of impact and is longer for larger clusters. We therefore identify the long periods with the time it takes a shock wave [7] [8] [9] 17 to cross the cluster from the surface to the other end. The distance the wave needs to propagate is about 2 x and the velocity is of the order of the velocity of incidence. What is novel are the fast oscillations. These are not the random impacts of individual molecules, as these should be both irregularly spaced and faster. Instead we propose that these are due to the collective chattering of atoms at the very front end of the cluster, being trapped between the heavy cluster and the hard surface. Additional support for this suggestion comes below from plots of the pressure exerted by the cluster on the surface that shows the very same fast oscillations. Figure 4 shows the pressure in megabars, 1 atm = 1.013 bar, in the direction parallel to the surface. The parallel direction is the simpler case because there are only two physically different contributions to the pressure, cf. Eq. ͑16͒. One is the random kinetic energy. The high temperature for the motion in this direction, Fig. 2 , shows that this term should, by itself, be large.
The internal pressure is essentially repulsive throughout the time history of the cluster. If the packing was shell-like so that most interatomic distances were comparable, we may have seen the role of the long-range attraction. But the cluster is very irregular and there are either a few close by atoms whose repulsion dominates or, when all distances are already larger compared to , the volume is already large enough that the pressure is rather low.
To compute the pressure it is necessary to determine the volume of the cluster. We estimate it by assuming that it is an ellipsoid with principal radii 2 x Ͻ 2 y ϵ 2 z so that the volume is ͑4 /3͒8 x y z . Programs that determine the smallest box confining all the atoms of the cluster yield similar values. Similar but not identical. The value for the volume is the least secure input into the computation of the pressure. If it were not for the historical respectability associated with the concept of the pressure it would make as good sense to report the work that could be derived from the expansion of the cluster and is uncompensated when the cluster is allowed to shatter. This will be a measure not of the pressure itself but directly of the evolution of the product PV. It is this product that is specified by the virial theorem.
The time scale in Fig. 4 is such that the entire interesting part of the history of the impact is shown in one figure. On such a time scale it is possible to resolve both the fast and the slower modulation of the pressure by the two shock waves as discussed above. On this time scale the rapid fluctuations in the pressure due to individual collisions are fully averaged by a computer graphics program. It needs a many-fold increase in the time scale to be able to show such oscillations in a graphical form. We do, however, keep sufficient temporal resolution in the numerical integration of the equations of motion ͑time step of 0.001 fs͒, as otherwise it is not possible to insure that back integration retraces the motion to a high accuracy.
The pressure exerted in the direction normal to the surface has an additional contribution, namely, the force exerted by the surface. The three contributions to the pressure are shown in Fig. 5 . Note that this figure shows computations for an impact velocity of 10 km s −1 and that this doubling of the velocity while all other conditions are kept the same leads to a pressure that is fourfold higher than that shown in Fig. 4 . In Sec. VI we discuss the scaling of the pressure and show that it increases linearly with the kinetic energy of random motion or, in the absence of dissipation of energy to the surface, with the initial kinetic energy per particle. In the absence of FIG. 4 . The pressure P, in Mbars, 1 Mbar= 100 GPa, exerted by the cluster of 125 Ar atoms in the direction parallel to the surface after impact at 5 km s −1 . The pressure is computed as the sum of the random kinetic energy and of the virial of the internal forces, Eq. ͑17͒. By computing the pressure as the sum of these two terms it is evident that they contribute about equally. The volume is computed from the hyperradii, ͑4 /3͒8 x y z . For a cluster of 125 Xe atoms under, otherwise, the same conditions the pressure about doubles, but apart from this scaling the plot looks very similar, see Sec. VI.
FIG. 5.
The pressure, in Mbars, exerted by the cluster of 125 Ar atoms in the direction normal to the surface after impact at 10 km s −1 . Note the change in the sign of the pressure due to the constraint and the significant contribution from the repulsion at the surface. The magnitude of the pressure is unchanged for the impact of a larger cluster of Ar atoms. As shown in Fig. 6 , the magnitude of the pressure is reduced when energy dissipation to the surface is allowed. dissipation to the surface, the size of the cluster does not serve to allow for a higher pressure. Without dissipation Fig.  5 shows the pressure reaching a few megabars. Dissipation will reduce this value a little but increasing the mass of the particles can more than compensate, so that transient pressures up to the terapascal range can be reached. Figure 6 shows the pressure for the impact of a cluster of 256 Xe atoms with an incident velocity of 10 km s −1 along the surface normal. The results are shown both without allowing any dissipation of energy to the surface and also for a 40% energy loss, simulated, cf. Eq. ͑28͒, by friction on the atoms that move close to the surface. Even with the friction, ultrahigh pressure is reached.
For an ideal gas at equilibrium the pressure is independent of the mass. One could expect that the high mass of a Xe atom allows it to pack a bigger punch when it hits and rebounds from a surface. But at a given energy a heavier atom moves more slowly. In Sec. VI we show that these expectations are valid also for the instantaneous pressure so that the law of corresponding states 1 will continue to provide a guide. But cluster impact experiments are usually specified for a given incident velocity. Section VI provides the scaling to be expected and this indeed shows a scaling with the mass.
VI. SCALING
The Lennard-Jones potential is specified by two parameters, the depth and the range . It follows that by introducing a scale for time ϵ͑m 2 / ͒ 1/2 the equations of motion can be brought to a dimensionless form, e.g.,
where we follow the literature and use a star superscript to denote the reduced variables. This scaling implies that the mechanical variables that enter the virial theorem scale with the well depth ,
The pressure then scales with / 3 ,
This scaling of the pressure, derived here not at equilibrium, is the same as the one suggested 1 for the pressure at equilibrium. Comparison of the results for clusters of Ar and of Xe shows that this particular law of corresponding states fails to capture the essence of the difference between the two systems, / 3 = 0.025 and 0.029 kJ mol −1 Å −3 for Ar and Xe, respectively. The law of corresponding states that uses and also does not work well for the equilibrium critical pressure.
1 But for the second virial coefficient, which only incorporates two-body forces, the scaling based on and is quite accurate. 34 For the system of interest to us we ascribe the failure of the conventional scaling to the high initial kinetic energy. At hypersonic velocities of impact the time scale for the relative motion of two particles is not characteristic of the period of vibration in the well of the atomatom potential ϵ͑m 2 / ͒ 1/2 but of the much shorter duration of the collision, c = / , where is the incident velocity. The ratio of these two characteristic times is / c ϵ͑m 2 / ͒ 1/2 ӷ 1. We have already shown 9 that scaling the time by the duration c of a two-body collision allows both the kinetic and potential energies of the cluster to be represented on a common scale for a range of velocities and masses. The same is the case here. Using a tilde for variables reduced by scaling of time by the collision time,
The reduced expression for the pressure is thereby obtained by scaling by m 2 / 3 , which has the physical interpretation of the density of the kinetic energy of incidence, FIG. 6 . The pressure P, in Mbars, exerted by the cluster of 256 Xe atoms in the direction normal to the surface after impact at 10 km s −1 . The two panels correspond to conservative and dissipative cluster-surface interaction. The frictional energy loss, adjusted overall to be about 40%, is proportional to the velocity and steeply decreases away from the surface, cf. Eq. ͑28͒. For clarity the contribution of the random kinetic energy to the pressure is not shown.
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For a given cluster material the pressure increases linearly with the initial kinetic energy per particle. This is as found in the computation. In practice we cannot use the scaling with velocity to increase the pressure indefinitely because of the onset of electronic nonadiabaticity. For Ar and Xe at the same velocity of impact and cluster size, the pressure scales as m / 3 and this equals 1.01 and 1.96 gm mol −1 Å −3 for the two elements, respectively. It is the higher mass of Xe that allows it to exert a higher force. Interestingly, the same effect of the bigger punch packed by the heavy Xe atom is clearly seen in the higher yields of chemical reactions within impact heated Xe clusters. 31, 35 The final and most direct check on the proposed scaling by the collision time is the computed value of the Lagrange multiplier. The dimension of the multiplier is time −2 so that = / c 2 . ͑39͒ Figure 3 shows the reduced Lagrange multiplier ͑t͒ for an Ar cluster at two different velocities of impact, 5 and 10 km s −1 . The scaling with c −2 means that the directly computed, unscaled, values of the multiplier increase with the velocity of impact squared and not with the collision energy. This is because of the definition ͑22͒ of the force of the constraint where the dependence on the mass is made explicit. It is the force of the constraint that scales with the kinetic energy of impact per particle and this is an alternative proof that the pressure scales as in Eq. ͑38͒.
Lastly, we point out that the conclusion that for hypersonic impact the duration of collisions is much shorter as compared with the time between collisions, / c ϵ͑m 2 / ͒ 1/2 ӷ 1, implies that, despite the high density, most of the time an atom of the cluster is not strongly interacting with other atoms. Therefore, despite the extreme density, for certain purposes a binary collision approximation will be sufficient 7, 35 to describe the dynamics of processes within the cluster.
VII. CONCLUDING REMARKS
A superheated dense cluster rapidly expands. To confine it would require very high pressures to reverse the high velocity with which the atoms move out and to exert a force to balance the repulsion that the bulk of the cluster applies on the same front atoms. As the cluster is allowed to expand, the pressure necessary to confine it to its current configuration decreases. Therefore a quantitative definition of the pressure must be such that it is time dependent. We show how to define stressed-out clusters and to compute the pressure that they exert in response to the pressure exerted on them. The constraint on the clusters is velocity dependent and a timedependent Lagrange multiplier measures its strength. A Geartype algorithm for solving the equations of motion and the Lagrange multiplier is introduced. The compact hot cluster is simulated by incidence of a cold cluster at a hypersonic velocity against a hard surface. A single trajectory ͑with, in practice, some back integration͒ can determine the entire time history of the pressure versus the time at which the constraint is applied. Molecular-dynamics simulations and analytical considerations are used to study the pressure for hypersonic impact. The primary finding is that the pressure scales with the initial kinetic energy per atom of the incident cluster per cell volume of an atom in a cold cluster or, equivalently, the initial energy of impact per volume of the cluster. Heavy atoms, e.g., Xe, and higher incident energies can bring the pressure to the megabar range for a duration of more than a few interatomic collisions.
